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Electromagnetic Equations

Maxwell’'s Equations

V-EZB, VXE:—ﬁ—B,
g ot

VeB=0, VxB=u|J +52_|t5
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Chapter 2. Vector Analysis

« Physical quantities
— Scalar — magnitude
— Vector — magnitude and direction
— Tensor

« The laws of electromagnetism do not require the specification of a
coordinate system.

— We can choose a particular coordinate system
— Rectangular coordinates if a current loop is rectangular
— Polar coordinates if the current loop is circular
« Coordinate system
— Cartesian
— Cylindrical
— Spherical
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Vector Analysis

 Vector

« Vector addition and Subtraction

B C 4
B
B C
_/’/A" T
(a) Two vectors, A and B.  (b) Parallelogram rule.  (c) Head-to-tail rule, (d) Head-to-tail rule,
A + B. B + A.

a— FIGURE 2-2 Vector addition, C=A + B =B + A.
« Vector multiplication
— kA=a, (kA)
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Vector Analysis

» Scalarproduct  A«B=ABco0s0d,, W
B
|
| 0
| AB
L N\ o >
!* \ -lr 4 ﬁl FIGURE 2-4
B cos 045 Illustrating the dot product of A and B.

» Cosines for a triangle (ex 2-1)

C*=C.C=(A+B){A+B)=A’+B*+2ABcosb,,

Plasma Electronics Lab, Hanyang University, KOREA
http://plasma.hanyang.ac.kr




Vector Analysis

. Vector product AxB=a_ ‘AB sin QAB‘ j
*A x B anA

(a) A x B = a,|4B sin 0,4p|. (b) The right-hand rule.

« Triple product (not associative)
Ax(BxC) # (Ax B)xC

e Ex2-2

1

@ |

I

) |
%

V=mxR
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Vector Analysis

 Products of Three Vectors
— A (BxC)=B-(CxA)=C-(AxB)

FIGURE 2-8
Area=|BxC| B Illustrating scalar triple product A - (B x C).

— Back-cab rule
« Ax(BxC)=7=> B(A:-C)-C(A:-B)
* Proof in example 2-3
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Orthogonal coordinate systems

« Cartesian, cylindrical, spherical coordinates W

* In 3D space, the three families of surface are described by
u,=const, u,=const and u; =const

« In Cartesian coordinate system

— U =X, U=yandu; =1z

a,xa, =a,a xa, =a,a,xa, =a,
a.a, =a,+a,=ac-a,=0

OP=a,x +a,y,+a,2

dl =adx+a,dy+a,dz
do = dxdydz

X i
l e eI Plasma Electron = plans
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Cylindrical coordinates

* U, Uy Uz=(r,¢,2)

a, xa,

dl=adr+a,rdg+a,dz

—a, ,a

¢

dv = rdrdgdz

R
r 4

xa, =a,,a,xa, =a

¢

r = r, cylinder

@ ¢ = ¢, half-plane

z = z; plane

N —F
r = r cylinder
« Example 2.9 ; T
1
Y ¢ = ¢, half-plane
(b)
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Cylindrical coordinates

» Differential volume element

do = rdrd¢dz
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Cylindrical coordinates

* Vector transformation W
A=Aa +Aa,+Aa, >Aa, +Aa, +Aa,
a,+a, =COS¢@
a,ea, =CoS| —+¢ |=—SINg |
2 ¢ i | a4
!
a,«a, = Cos %—qﬁ =sing = | ————==—= a,
a,
¥ a,
X

A = A cosg—A,sing
A =Asing+ A cos¢
A=A
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Spherical Coordinates

* U, Uy U3=(R, 6 0)

agp X8, =a,,8, XA, =ag,a,xag =8,  0-sm \

di=dR a; +Rd6 a, +Rsinddg a,
dov = R*sin #dRdAd ¢

« Example 2.10, 11,12
X =Rsin@cosg,y = Rsin@sin ¢,
Zz=Rcos@

(a)

r=Rsin @

o s=Rcos @

reld
.\-=I'Sin

X
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Spherical Coordinates

« Differential volume

<

do = R?*sin &dRdad ¢

Metric Coefficients

hl h2 h3

X,Y, Z 1 1 1

I, ¢,z 1 r 1
R, 6, ¢ 1 R | Rsing

dov = hh,h,du,du,du,

 HYU

otor Lo

HANYANG UNIVERSITY
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Spherical Coordinates

« Example 2.11
— Converting a vector into Cartesian coordinates

A= A@az+Aa,+Aa,

A =Aagea, + Aa,ea, + A¢a¢-aX

A = Agsingdcosg+ A, cosdcosg— A, sin g
A, = Agsindsing + A, cosdsing+ A, cos ¢
A = A,cosd— A, sind
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Generalized Orthogonal Coordinate

e Base vectors

« Displacement vector

Differential volume

Differential area

au1 ) au2 ’ au3

A = a, Ajl +a, AJZ +a, Ajg

dl =a, (hdw,)+a, (hdu,)+a, (hdus)
dl =|(hdu, )’ +(hdu, )’ +(hdus,)

dv = hh,h,du,du,du,

ds=a ds,
ds, = h,h,du,du,, ds,=hh,dudu,

NNNNNNNNNNNNNNNNN
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Generalized Orthogonal Coordinate

W

Coordi S Cartesian Cylindrical Spherical
Ooréggﬁon?tem Coordinates Coordinates Coordinates
(X, ¥, 2) (r, d, z) (R, 8, ®)
a ax a-r aR
Ug a a a
Base vectors a y ® 0
azz a, a, ag
h, 1 1 1
Metric coefficients  h, 1 r R
h, 1 1 Rsin 6
Differential volume  dv dx dy dz rdr do dz R? sin 8 dR d6 do

 HYU zza
HANYANG UNIVERSITY
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Integrals containing vector functions

Integrals

jv Fdu, jCle
jCF-dl, jS Aeds

Example 2.13,14,15
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Integrals containing vector functions

« Example 2-14 Y
B

F=a,xy—a,2x

ij.dlz? o

0 , > X
— |In Cartesian coordinates

LB Fedl = I3Ox\/9—x2dx —2_[03\/9—y2dy = —9(1+%j

— In cylindrical coordinates
F=a, (xycos¢—2xsing)—a,(Xxysing+2xcosg)
dl =a,3d¢
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Integrals containing vector functions

« Surface integral j A.dS
S

— A closed surface

<_[> Aeds = <j> A-a ds
S

S

(a) A closed surface. (b) An open surface. (c) A disk.

FIGURE 2-22
Illustrating the positive direction of a, in scalar surface integral.
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Integrals containing vector functions

« Example 2-15

k
F=a, *+a,k,z
r

F-a,ds

side wall

4) F . dS - Jtop surface F . ands T bottom surface F . andS T
=127 (k, + 2k,)

— Outward flux of the vector F

X
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Gradient of a Scalar Field

« Gradient : the vector that represents both the magnitude and the direction W
of the maximum space rate of increase of a scalar.

““““

dg = Za¢d Zﬁhioluizzmﬁ)i-dli V-

ou. =~ h.ou.

« dl = (hdu,,hdu,, h,du,), Ve = Za ha;
U,

Maximum value of d¢
(dg) __ =|Vg|dl, for Vg | d
dg¢ =0, for Vg L dl
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Gradient of a Scalar Field

« Example 2.16

(U, U,,U3) = (X, Y,2)
VV = axg+a £+azg Vv
ox oy oz

In general orthogonal coordinates (u,,u,,U,)

0 0
V=|la, —+a, +a,
( *hou,  “*hou, h3au3)
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Vector Field

« Divergence & curl
— 3Blue1Brown
— https://www.youtube.com/watch?v=rB83DpBJOsE&t=1026s

= BYouTube divergence

:H Divergence and curl: The language of Maxwell's equations, fluid flow, and more


https://www.youtube.com/watch?v=rB83DpBJQsE&t=1026s

Divergence of a Vector Field

* Flux lines : representation of field variations graphically by directed field W
lines.

« Magnitude of the field at a point : either depicted by the density or by the
length of the directed lines in the vicinity of the point

« Divergence at a point: the net outward flux of A per unit volume as the volume
about the point tends to zero

. A-ds
div A=V.A= |lim =
* Av—>0 Ap
/ K\ T /ﬂ

E— = A i i
=) " s **—"—\1‘4*—’* ::::: The flow of an incompressible fluid
== TN 2EEEE

. e i L8 T R e g

) (c)

(a)
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Divergence of a Vector Field

VA2 lim hA-ds

Av—0

—><ﬁSA-ds=

Av

_[+j+_[+j+j+j _A-ds

| front back right left top bottom

Plasma Electronics Lab, Hanyang University, KOREA
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Divergence of a Vector Field

 On the front face

_[ A-ds=A, -AS

front

front front

= A fon " AYAZ = A (X, +A o1 Zo)AYAZ

front

A (X, + ,yo,z) A (X, Yo O)+A2X A + higher-order terms
(X0:¥0:20)
J' A-ds = AyAz [AK (X5, Yo, 2,) + AZX a;“ + higher-order termsj
front (X0+¥0:20)
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Divergence of a Vector Field

 On the front face

AX
* J- A-ds= Aback ) ASback = Aback —a, (AyAZ) = _A< (XO o » Yo ZO)AyAZ

back 2

A (X, —&, YorZo) = A (Xy, Vo1 Zo) _Ax oA + higher-order terms
2 2 X (X0, Y0:20)
f + j A-ds =~ (%] AXAYAZ
front  back OX (X0:¥0:20)
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Divergence of a Vector Field

Following the same procedure for 4 faces

0
CJSA.ds: a'A&+ Ay+aAZ AXAYAZ
s oXx oy 0z (xy.2)
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Divergence of a Vector Field

* In general orthogonal curvilinear coordinates (u,,u,,u,)

1
VoA - hlhhi () + 2 -(hhA) ¢ us(mhz&)}

« Find the divergence of the position vector to an arbitrary point
— Example 2.17

OP =a,x+a,y+a,z > V.OP =3
OP =a,R —> V.OP =3

* Find the divergence of the magnetic flux density B outside a very long
current-carrying wire

— Example 2.18
B=a,— > V.B=0
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Divergence Theorem

|, V-Ado=¢ A-ds )
Vv S
For a very small differential volume element Av, bounded by a surface s;

<'[>S. A-ds

i Av

(V-A), Ao = A-ds«(V-A)

lim _i(v-A)j AUJ-— = lim {icﬁsA-ds}

Av—>0| £ Av—0 i1 j

iim | >(V-A), Av, | = [, V- Adv

Av—>0| “

lim Z S_A-ds}=<JSSA-ds

Av—0

'[VV-AdU=(j>SA-dS

 Requirement : A and its first derivatives exists and be continuous both in V
andon S

 Example 2-19
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Divergence Theorem

« Example 2-20 W

— F = ay kR, determine whether the divergence theorem holds for
the shell region

at the outer surface: R = R,,ds =a,R? sindddd ¢

surface

27 o7 .
% Joier Feds=["["(kR,)R;sin6dOdg = 47kR;
at the inner surface:R = R, ds = —a,R/ sinddd ¢
fimer Feds =77 (kR,) R sin 00l = 47kR?

surface

¢, Feds = 47k (R} -R?)

1 0, 1 6
VeF=— " (R*F,)=— =
RZOR( R) R? R

47z(R§—Rf)
3

(KR®) =3k

| VeFdo =(VeF)V =3k
\
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Curl of A Vector Field

Vortex points



https://earth.nullschool.net/

Curl of A Vector Field

* Circulation of A around contour C

gSCA-dl

. curlA VXA—A'!TOA—S[ JoAd|

d€

« A vector whose magnitude is the maximum net circulation of A
per unit area as the area tends to zero and whose direction is
the normal direction of the area when the area is oriented to
make the net circulation maximum.
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Curl of A Vector Field

« Example 2-22 W
_ Given a vector field F=2a,Xy—a, 2x
— Find its circulation around the path OABO

A B (0]
<_|’>OABOF-d| - jo Fedl +jA Fedl +jB Fedl
8 along path OA'y =0,F =-a 2x,dl =a,dx,F«dl =0
J.AF-dI -0
0]

along path BO: x=0,F =0, LC: Fedl =0.

along path AB: dl =a,dx +a,dy, Fedl = xydx — 2xdy

The equation of the quarter-circle is x* + y* =9(0 < x <3)

_[f Fedl = LO XV 9 — X dx — 2]03\/9— x*dy = —9(1+%j

Hence, 95 Fedl = —9(1+ zj
OABO 2

r Hﬂj PrE St Plasma Electronics Lab, Hanyang University, KOREA
“““““““““““““““““ http://plasma.hanyang.ac.kr




Curl of A Vector Field |

|
- 1 0\}\
(VXA)X - Ajiznlo AYAz (Cﬁsides A°d|j’A =a,A +ayAy +a,A, | g

1,2,3,4 ~—— ]
Side 1:dl =a,Az, . S
A-dl—Az(xo,yO+A2y,zojAzz(AZ(xO,yO,zO)+A2yaAZ +H.O.TjAz
(X0+¥0+20)
Side 3:dl =-a,Az,
A-dI:—AZ(xo,yO—ﬂ,zo AZ = — Az(xo,yo,zo)—ﬂ% +H.O.T |Az
2 2 ay(xmyo’zo)
0
o Acdl = A iHoT, AYAZ, [ A-dl = "M hoT AyAZ
land3 oy ( 2 and 4 0z
X0:Y0:20) (X0:Y0+20)
0
(vxA) = BB
oy oz
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Curl of A Vector Field

* VxA:a4:

° VxA=

oA, OA +a[
oy oz g

a/x_a/x}a oA oA
0z  OX ‘L ox oy

* In general orthogonal curvilinear coordinates

hlau1 h2au2 hSau3
0 0 0

ou, Ou, Ou,
NA A A

NNNNNNNNNNNNNNNNN
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Curl of A Vector Field

« Example 2-21
— Show that V x A =0 if

(@) A =a,(k/r)In cylindrical coordinates, where k is a constant, or

(b) A =ai f(R) in spherical coordinates, where f(R) is any function
of the radial distance R.

=> A Is an irrotational or a conservative field
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Stokes’s Theorem

| (VxA)-ds=¢ A-dl

© (VxA) -ds, =<j‘>ch-d|

Asj —0

N
im 2§, Acd]=g,Ad

* Requirement : A and its first derivatives exists and be continuous
both on S and along C
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Stokes’s Theorem

« Example 2-22
— Given F=axy-a, 2x, verify Stokes’s theorem.

‘ a, a, a,
B
vxF=l2 2 9 4 (24x)
ox oy oz
| xy -2x 0
¢

For given geometry and the designated direction of dl, ds =a, dxdy

3 ot 3| o<
js (VxF)-ds:L jo (VxF)s azdxdy:j0 DO —(2+x)dx}dy
. 2
—— 3[2 9_x2 42 }dy
J0 2

B 3
. 9 % T
—|yJo—y?+9sint Yy 2y =-9|1+=
yy9-Y 35 l) ( 2)
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Stokes’s Theorem

« EXxercise

<
>
>

F=a, sing+a,3cos¢

a) determine <JS F.dl

OABO ¢

b) find V x F and verify Stokes's theorem

— a)b

-b) a gcos¢
r
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Null Identities

« The curl of the gradient of any scalar field is identically zero.

" Vx(VV)=0
[ Vx(VV)-ds=¢ VV-dI =0« dV =VV .dI
S C

« |f a vector is curl-free, then it can be expressed as the gradient of a
scalar field.

VxE=0—-oE=-VV
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Null Identities

» The divergence of the curl of any vector field is identically zero. W

V- (VxA)=0
[ V-(VxAldo=¢ (VxA)-ds
= C_f)sl(VxA)-anldS+(ﬁsz(VXA)-anzdS

:(f) A-dli+d A-df
G C,

V-B=0—-B=VxA
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Laplace equation

« Laplacian = “the divergence of the gradient of ”

V?=VeV

)

© VAV —vevV =|a Z ya g axﬂ+ay&+azav
) oy oz OX oy 0z
gy 2 OV OV OV
ox>  oy* oz’

http://plasma.hanyang.ac.kr
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Laplace equation

« Laplacian in orthogonal curvlinear coordinates (u,,u,,u,)

hh, oV

VA = Ve(VV ) = 1 a h,h, oV 0 [ hh, oV N 0
hh,h, h1 ou, au2 h2 ou, ) Ou,

« Laplace egn & Poisson eqn.

vV =-£ v/ =0

h, ou

)
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Field Classification and Helmholtz’s Theorem

 Solenoidal and irrotational if W
V-F=0, VxF=0 (static electric field in a charge-free region)
 Solenoidal but not irrotational if

V-F=0, VxF=0 (A steady magnetic field in a current-carrying conductor)
 [lrrotational but not solenoidal if

VxF=0, V.-F#0 A static electric field in a charged region

 Neither solenoidal nor irrotational if

V-F#0, VxF#0 An electric field in a charged medium with a time-varying magnetic field

« A vector field is determined if both its divergence and its curl are
specified everywhere.

F=-VI+ VXA
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Some useful vector formulas

* Need to be memorized
A-(BXC) = B-(CxA) = C-(Ax B)
Ax(BxC)=B(A:C)-C(A:B)
V(yV)=yVV +VVy
Ve(yA)=yV-A+ VA
Vx(wA) =yVxA+ViyxA
V-(Ax B) = B-(VXA)—A-(VX B)
VxVxA=V(V.A)-V°A
VxVV =0
Veo(VxA)=0
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Some useful vector formulas

+ Position vector, R R =|R|=/(x=x)2+(y-Yy)?+(z-2')’
« Gradient of 1/R

=[x (y -y 2]

R
szl als) a7
V= |=a,—| = |+a,—| = |+a,—| =
R oX\ R yay R o0z\ R
: ) _ ax(x—x’)+ay(y—y’)+az(z—z’)_ R a,
X,\V,2Z - — —__  —_ R
p (=X +(y-y)Y+@-2y " R R
R 1
a
\va = Y
R, P, (Rj R?
’ X,y 7) v(Ll)_ 3
R R RZ
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H.W.

. 27g
— 1(e,f,g,h), 2, 16,17,18,19,20,24,26,27,28,30,32,34,36
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